Abstract-Recently, one has realized that the threedimensional positioning technique used in GPS can be effectively applied to the modern two-dimensional positioning. Such a technique might has applied to the twodimensional positioning in fields of the mobile communication, eLORAN and the GPS jamming/ electronic warfare system. In the paper, we have studied on algorithms for two-dimensional positioning based on GPS Pseudorange Technique. The main works and results are summarized below. First, the linearized state equation was mathematically derived based on GPS pseudorange technique. Second, the geometry model with respect to triangles formed using unit-vectors were proposed for investigation of land-based radio positioning. Finally, the corresponding mathematical formulations for DOP values and covariance matrix were designed for two-dimensional positioning.
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I. INTRODUCTION
The pseudorange positioning method, which has been initially applied to the GPS satellite navigation, is powerful to deal with the common bias of clock error between the transmitters and the user's receiver. It has the significant advantage to handle the navigation equation under the circumstance incoming signal from all transmitters in view.
Recently, one has also realized that the threedimensional positioning technique used in GPS (Global Positioning System) can be effectively applied to the modern two-dimensional positioning. Such a technique might has applied to the two-dimensional positioning in fields of the mobile communication, eLORAN (enhanced LOng RAnge Navigation) and the GPS jamming/ electronic warfare system [1] , [2] .
In addition, it is well known that the positioning accuracy is deeply depended on the geometry influence. The geometry factor such as GDOP (Geometry Dilution of Precision), which affects to the positioning accuracy, has mathematically defined and used for the threedimensional satellite navigation [3] .
Unfortunately, in case of two-dimensional positioning, there are no neat geometrical construction and the useful mathematical formulation from the logical concepts. Most of the previous materials involving research papers might have shown to be the lack of the systematic and integrated formulations for dealing with two-dimensional positioning with regard to the pseudorange technique [4] - [6] .
In this paper, analytical algorithms based on mathematical steps are derived for two-dimensional positioning. Mainly, the linearized pseudorange equation and DOP values are investigated and discussed.
II. CONSIDERATIONS OF PSEUDORANGE POSITIONING AND GEOMETRIC VALUE

A. Pseudorange Multiple Ranging Model
The unknown position ) ( n P can be determined by measuring multiple ranges between the unknown position ) ( n P and the reference positions ) ( i P .
In horizontal navigation, if two measurements are used to determine the fixing, then it is called the rho-rho method and rho-rho-rho in case of three measurements [7] . The range between the positions can be mathematically denoted by the length of the vector.
However, these positioning techniques may not be clear for dealing with measurements having range error due to the erroneous synchronization of the receiver clock and the transmitter clocks.
The pseudorange multiple ranging is more flexible to apply to the erroneous positioning system because it can give the more precise solution in positioning and navigation as well.
That is, the following mathematical model, pseudorange, i PR , can be used to solve the navigation systems which the measured ranges contain the range error ) (δρ due to the common asynchronous receiver clock. Where, i ρ is the true range between a receiver and i-th transmitter. Fig. 1 shows the concept of the pseudorange positioning fixing. From the above mathematical formula and Fig. 1 , one can realize that the pseudorange equation requires one additional measurement compared to rho-rho/rho-rho-rho method because the range error ) (δρ is dealt as the unknown parameter to be solved in the pseudorange equation. Therefore, four pseudoranges are required for three-dimensional coordinates of the unknown position. The three range measurements are needed in case of determining the coordinates of the horizontal position. 
B. Geometric Considerations on Positioning Accuracy
The effect of geometry of satellites on position error is called geometric dilution of precision (GDOP) and it is also interpreted as ratio of position error to the range error. The GDOP generally assumed that the measured pseudorange errors are independent with zero mean and all measurement errors have the same rms value.
In case of three-dimensional satellite positioning, the GDOP value is deeply related to the volume of a tetrahedron formed using four unit-vectors point toward the GPS satellites. As it is the r.s.s (square root of sum of the squares) of the area of the tetrahedron 4 faces, divided by its volume [8] .
In our investigation, it has been recognized that the tetrahedron represented by various materials seems to be unclear for ease understanding in proper coordinate. Therefore, we propose the meaningful tetrahedron shown in Fig. 2 with unit vector points toward the assumed broadcasting transmitters in east-north-up local coordinate.
The larger the volume of this body, the smaller the GDOP value. And then the low DOP value gives a better positioning precision because of the wider angular separation between the satellites used to calculate the receiver's position. Therefore, when satellites are far apart, the geometry is strong and DOP value is low. Thus, it gives the better precision. There are several kinds of DOP, HDOP (Horizontal DOP), VDOP (Vertical DOP), PDOP (Position DOP), and TDOP (Time DOP) which can evaluate the position errors for three-dimensional satellite positioning. All the geometry factors are functions of the diagonal elements of the covariance matrix of the parameters, expressed either in a global or local geodetic frame. For two-dimensional GDOP, the area of triangles formed using three unit-vectors point toward the transmitters of the broadcasting stations may be considered unlike the tetrahedron. In this case, the receiver lies at the intersection of the circular lines of position that are centered on the transmitters. There is some uncertainty, however, in the receiver's measurements, and the location of the range circles will be inexact and result in an error in computed position. This error depends on the geometry relating the receiver and transmitters.
The two-dimensional DOP values for this would be mathematically derived from the solution of pseudorange equation and covariance matrix.
III. MATHEMATICAL DERIVATION FOR TWO-DIMENSIONAL POSITIONING BASED ON PSEUDORANGE MEASUREMENT
A. Characteristics of Pseudorange Equation for ThreeDimensional Position in GPS Case
The modeling GPS pseudorange equation [9] is investigated to develop the corresponding algorithms for the terrestrial radio navigation system. The following summarized procedures can be applied with some mathematical manipulation and vector analysis as well.
Step 1: Given geometry of satellites ) , , ( 
The above set of the nonlinear pseudorange equations should be linearized for determining position. According to the shown procedures, the linearization of the above nonlinear equation is taken.
In order to deal with Taylor series about the known approximate position ) , (
, the corresponding approximate pseudorange might be represented by
And then the function of the true receiver's position can be given with not only the offset but also time offset, u t δ .
Therefore, the linearization works using Taylor seriesexpansion simply can be done with the following. In general, the elimination of higher-order derivatives of the above might be cancelled for the linearization [9] , [10] .
Hence, for two-dimensional problem in the study, the first-order derivatives of the expansion terms are shown below. The first two elements of each row of G are the components of unit vector from the receiver to the indicated transmitter. The elements in the third column are the constant with respect to the speed of light.
Finally, the offset (error) of pseudorange value regarding the position offset can be formulated as below.
From the above pseudorange offset, the position offsets can be obtained with some engineering techniques such as the least square solution and Kalman filtering. The following position offset equations give the corresponding solution for two-dimension.
G is the geometry matrix due to the direction to the transmitting stations as mentioned previously. The matrix
called the least-square solution matrix, is a k × 3 matrix. It depends on the relative geometry between the receiver and the transmitting stations in the least square solution computation. It is also noted that threetransmitting stations are required to obtain the twodimensional positioning problem based on the pseudorange technique.
Practically, G matrix can be obtained using the azimuth θ and elevation φ of satellites in case of threedimensional positioning shown as follows [3] : 
However, the only azimuth from the receiver position to transmitters is used to formulate directional derivatives of the pseudorange range error. And then the azimuth could be translated into the horizontal plane coordinate frame which is with respect to the east and the north without the up. Therefore, if the third column of elevation term, φ , is deleted and the row deleted corresponding to the unused transmitter of the station in above G matrix. With zero degree-elevation, the resulting matrix for Ntransmitters can be formulated as follow:
C. Mathematical Formulations of GDOP and Covariance Matrix It is important to evaluate how pseudorange measurements with the error affect the estimate parameters. The pseudorange error is statistically considered to be random variable, and then the covariance matrix could be used to evaluate the magnitude of position error in sense of the accuracy.
The matrix, which has been widely applied to various engineering fields in order to examine the estimation parameters, is sometimes called the propagation error in navigation problem. To promote the GDOP and other values, the geometric model for two-dimensional positioning is proposed in Fig. 3 . In the figure, one can imagine that the triangles are formed using three unit vectors points toward the transmitters and the azimuth is measured in 360 degrees with clockwise.
Here the 3 3× covariance matrix would be selected for applying to two-dimensional radio navigation or positioning for the objective of this study. 
In the above formulas, ) (
In case of two-dimensional case, the positional DOP is equal to the horizontal DOP. 
IV. DISCUSSION AND CONCLUSION
The pseudorange positioning technique is powerful to deal with the common bias of clock error between the transmitters and th user's receiver. Therefore, it has been mainly adapted in the GPS positioning with the extremely accurate computing the propagation time of satellite signals.
More recently, even though the land-based radio navigation/positioning has widely developed, there have not been neat algorithms involving the geometrical construction and the useful mathematical formulation. Most of the previous materials involving research papers might have shown to be the lack of the systematic and integrated formulations for dealing with two-dimensional positioning with regard to the pseudorange technique.
In the paper, we have studied on algorithms for twodimensional positioning based on GPS Pseudorange Technique.
The main works and results are summarized below. First, the linearized state equation was mathematically derived based on GPS pseudorange technique. Second, the geometry model with respect to triangles formed using unit-vectors were proposed for investigation of land-based radio positioning. Finally, the corresponding mathematical formulations for DOP values and covariance matrix were designed for two-dimensional positioning.
In the future works, we would like to continue to apply the resultant algorithms to various practical fields such as GPS jamming, eLORAN and other land-based radio positioning systems.
